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SKEW TABLEAUX 
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Abstract. We give a positive equivariant Littlewood-Richardson rule also dis- 
covered independently by Molev. Our proof generalizes a proof by Stembridge 
of the ordinary Littlewood-Richardson rule. We describe a weight-preserving 
bijection between our indexing tableaux and the Knutson-Tao puzzles. 
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1. Introduction 

In |MS| . Molev and Sagan introduced a rule in terms of barred tableaux for 
computing the structure constants ^ for products of two factorial Schur functions. 
Knutson and Tao [KTj realized that under a suitable specialization these are the 
structure constants ^ for products of two Schubert classes in the equivariant 
cohomology ring of the Grassmannian. Knutson and Tao [KT also gave a new 
rule for computing ^, i.e., an equivariant Littlewood-Richardson rule, which is 
manifestly positive in the sense of Graham [Gr| . Their rule was expressed in terms 
of puzzles, generalizations of combinatorial objects first introduced by Knutson, 
Tao, and Woodward [KTWj . 

We describe a new nonnegative equivariant Littlewood-Richardson rule, ex- 
pressed in terms of skew barred tableaux, which was also discovered independently 
by Molev |Mol| . By nonnegative we mean that all of the coefficients are either posi- 
tive or zero; restricting to the positive coefficients then yields a positive rule. In our 
proof, we compute the structure constants c'^ ^ (as do both [MS] and [Mol| ). and 
then determine the structure constants ^ by specialization (as does |Mol| ). Our 
strategy for deriving the structure constants ^ is to generalize a concise proof by 
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Stembridge |Stj of the ordinary Littlcwood- Richardson rule from Schur functions to 
factorial Schur functions. This method in fact yields a more general result, namely, 
a generalization of Zelevinsky's extension of the Littlewood-Richardson rule [Z . 

We illustrate a weight-preserving bijction $ between the skew barred tableaux 
indexing positive coefficients and the Knutson-Tao puzzles, thus giving a new proof 
of Knutson and Tao's equivariant Littlewood-Richardson rule, and also demon- 
strating that our positive rule is really the same rule as Knutson and Tao's, just 
expressed in terms of different combinatorial indexing sets. We extend <I> to a bi- 
jection from all skew barred tableaux indexing nonnegative coefficients to the set 
of trapezoid puzzles, which are generalizations of puzzles. Our representation of 
the bijections generalizes Tao's 'proof without words' jVl Figure 11], which gives a 
bijection between tableaux and puzzles in the nonequivariant setting. 

The results of this paper were presented at the AMS Sectional Meeting, Santa 
Barbara, CA, April 2005, and the University of Georgia Algebra Seminar, August 
2006. 

2. Statement of Results 

Let N denote the set of nonnegative integers, and let n > d be fixed positive 
integers. For m G N, define m' :— d + 1 — m. For A — (Ai, . . . , A^) € N'', define 
|A| = Ai + - • ■ + Xd- Denote by Vd the set of all such A which are partitions, i.e., such 
that Ai > • • • > A(j, and by Vd,n the set of all such partitions for which Ai < n — d. 
Let A = (Ai, . . . , Ad),/x = • ■ ■,IJ'd),P = (d - 1, rf - 2, . . . , 0), and 1 = (1, . . . , 1) 
be fixed elements of Vd- For any sequence i = ii,i2, ■ ■ ■ ,it, ij G {1, • ■ • , c'}, define 
the content of i to be — (^i, . . . G N'', where ^fc is the number of fc's in 
the sequence. 

2.1. Defining the Structure Constants ^ for Products of Factorial Schur 
Functions. A reverse Young diagram is a right and bottom justified array of 
boxes. To /i we associate the reverse Young diagram whose bottom row has length 
next to bottom row has length ^2, etc. We also denote this reverse Young 
diagram by /i. The columns of a reverse Young diagram are numbered from right 
to left and the rows from bottom to top. 
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4 3 2 1 

Figure 1. The reverse Young diagram (4,3,1), with rows and 
columns numbered. 

A reverse tableau of shape /i is a filling of each box of fi with an integer in 
{1, . . . , c?} in such a way that the entries weakly increase along any row from left to 
right and strictly increase along any column from top to bottom. Let 7^(/x) denote 
the set of all reverse tableaux of shape /z. Let xi, . . . , be a finite set of variables 
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and (yi)i6N>o an infinite set of variables. For R e Ti-ip), define 

\y)^ =W {Xa - ya'+c(a)~r(a)) , 
a£B. 

where for entry a G R, c{a) and r{a) are the column and row numbers of a respec- 
tively. The factorial Schur function is defined to be 

Factorial Schur functions are special cases of Lascoux and Schiitzenberger's double 
Schubert polynomials |LS1[ ILS2| . Various versions of factorial Schur functions and 
their properties have been introduced and studied by [BL| , |CL) , |GG| , [La] , [Mal| , 
pa2] . [MoT], and [Mo2] (see [Ml], [MoT] , and [MS] for more discussion of these 
polynomials). 

We check that our definition of factorial Schur function agrees with the definition 
in [MS], which is expressed in terms of Young tableaux. Replacing each entry a 
in a reverse tableau R by a' and rotating the resulting tableau by 180 degrees, 
one obtains a Young tableau T. This operation defines a bijection between reverse 
tableax of shape fi and Young tableaux of shape fj,. The polynomials {x \ y)'^ , as 
defined in [MS; , and {x \ y)^, as defined above, are related by a fixed permutation 
on the indices of the x^'s, namely the involution i i— > i'. Thus the equivalence of the 
two definitions follows from the fact that factorial Schur functions are symmetric 
in the x^'s. (CoroUarv 15.41 also establishes the equivalence of the two definitions.) 

From the definition of s^(a; | y), one sees that 

s^{x I y) — Sf^{x) + terms of lower degrees in the Xi's, 

where s^{x) is the Schur function in xi, . . . ,Xd- Since the Schur functions form a 
C-basis for C[a;i, . . . ,Xd]^'', the factorial Schur functions must form a C[yi]-basis 
foTC[y,][xi,...,Xd]'^'. Thus 

(1) sx{x\y)Sf,{x\y) =J2(^\,t.sAx\y)^ 

for some polynomials c'^ ^ 'E C[?;i], where the summation is over all G Vd- 

Also from the definition one sees that s^(a; | y) is a homogeneous polynomial of 
degree Therefore |A| + - \iy\ = deg(c^^^). If |A| + - \iy\ = 0, then c^;^^ € C 
is the ordinary Littlewood-Richardson coefficient (see [FT], [LRj . |Sa|). 

2.2. Computing the Structure Constants c^^. The skew diagram A * /i is 

obtained by placing the Young diagram A above and to the right of the reverse 
Young diagram /i (see Figure [2]) . A skew barred tableau L of shape A * /Lt is a 
filling of each box of the subdiagram A of A * /i with an element of {1, . . . , d} and 
each box of the subdiagram /i of A * ^ with an element of {1, . . . , d} U {1, . . . , d}, in 
such a way that the values of the entries, without regard to whether or not they are 
barred, weakly increase along any row from left to right and strictly increase along 
any column from top to bottom. The unbarred column word of L, denoted by 
I/", is the sequence of unbarred entries of L beginning at the top of the rightmost 
column, reading down, then moving to the top of the next to rightmost column and 
reading down, etc (the barred entries are just skipped over in this process). We 
say that that the unbarred column word of L is Yamanouchi if, when one writes 
down the word and stops at any point, one will have written at least as many ones 
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as twos, at least as many twos as threes, . . ., at least as many {d — l)'s as d's. The 
unbarred content of L is cj(i"), the content of the unbarred column word. 

Definition 2.3. An equivariant Littlewood- Richards on skew tableau is a 

skew barred tableau whose unbarred column word is Yamanouchi. We denote the set 
of all equivariant Littlewood- Richardson skew tableaux of shape X* fj, and unbarred 
content v by CR^^ ^. 

We remark that this definition forces the i-th row of A to consist of \i unbarred Vs. 
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Figure 2. An equivariant Littlewood- Richardson skew tableau 
of shape (2,1,1) * (4,3,1) and unbarred content (3,3,2,1). The 
unbarred column word, 1, 1, 2, 3, 2, 4, 3, 1, 2, is Yamanouchi, as re- 
quired. 

For L a skew barred tableau and a ^ L, denote by L"^ the portion of the 
unbarred column word of L which comes before reaching a when reading entries 
from L. Define 

(2) CL = Y\. (yW+<^iLlJia\ ~ y\a\'+c{a)-r{a)j , 

aeL 
a barred 

where r(a) and c(a) are the row and column numbers of a considered as entries of 
fi (see Figure [U, and \a\' = d + 1 — |a| (we use the absolute value symbol, \a\, to 
stress that we are interested in the integer value of the barred entry a). As usual, 
the trivial product is defined to be 1. The main result of this paper is the following 

Theorem 2.4. c^ ^ ^ ^ cl- 

Example 2.5. Let L be the equivariant Littlewood- Richards on skew tableau of Fig- 
ure [B Suppose that d = A. Consider the entry a = 1 m row 2, column 2 of 
11. We have L'i-^ = 1,1,2,3,2,4, so w(L^„) = (2,2,1,1). Thus |a|' + tj(L!i„)|„| = 
(ci-hl-(l))-h(2,2,l,l)i = 4-h2 = 6. Also, \a\' +cia)-r{a) = (d+l-(l)) + 2-2 = 4. 
Therefore the contribution of this entry to cl is ye ^ yi. 
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Similarly, one computes the contribution of the entry 2 in row 1, column 3 to 
^6 2/5 ~ 2/5 '"^'^ contribution of the entry 3 in row 2, column 1 to be — t/i- 
Therefore cl = (j/s - 2/5 ) (ye - yi){y'i - Vi), which equals 0. 

2.6. Nonnegativity and Positivity. If L G -C^a in then we write > if each 
factor in ^ is of the form yi — yj with i > j. We write cl > if either > or 
CL = 0. 

Proposition 2.7. If L e CU^^, then cl > 0. 

Let jCTV^^ be the set of i G CTZ'^ ^ for which > 0. By Proposition 12. 7[ we can 



restrict the summation in Theorem 
Corollary 2.8 



to such L: 



E 

LeCTZ 



CL- 



+ 



One could, of course, use ([2]), the definition of c^, to distinguish between cl > 
and Cl — Q: cl > if and only if Lo{L'^^)\a\ > c{a) — r{a) for all barred a € L. The 
following Proposition gives a number of other tests for more efficiently making this 
determination. 

Proposition 2.9. If L E ^Ti-x ^, then the following are equivalent: 

1. CL>0 

2. Lu{L'^^)\a\ > c(a) — r(a) for all barred a € L. 

3. uj{L^^)\a\ > c(a) — r(a) for all barred a € L with r{a) — 1. 
4- Lu{L'^^)\a\ > c(a) for all barred a £ L 

5. Lj{L'^^)\a\ ^ c(a) for all barred a E L with r{a) — 1. 



If i G jCTZ'^ ^ satisfies any of these equivalent conditions, then we say that L is 
positive. It is obvious that 4 =^ 2 => 3 <^=> 5. Condition 3 states that it 
suffices to check barred entries on the bottom row of L for positivity. Condition 
4 has the following interpretation: for any barred entry a G the corresponding 
factor yi — yj in cl satisfies i ~ j > r{a) (which of course implies i — j > 0, the 
condition required for positivity). 

Example 2.10. Let d ^ 3, X = (1,1), /.t = (3,2), and v = (3,2,1). We list all 
L G CTV^ ^ , and for each L we give cl '■ 
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CL = 2/6 - 2/5 



CL = 2/5 - 2/3 



CL = 2/4 - 2/2 



CL = 2/3 - 2/1 



f^ote that if L has an unbarred 2 in the upper right box of /i, then the unbarred 
column word of L is not Yamanouchi, and if L has two unbarred 1 's on the top row 
of fi and is not the leftmost diagram, then cl — 0; thus we do not include such L 

(2/6 - 2/1) + (2/4 - 2/2)- 

We list all L G CTZ'^\, and for each L we give cl- 



among CTZl^^. By Corollary\2M c^ ,, = (2/6 -2/5) + (2/5 - 2/3) + (2/4 - 2/2) + (2/3 -2/i)= 
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CL = ye - y2 



CL^Vi- yi 



By Corollary \2.8l c'^ \ — (jj6 ~ 2/2) + (2/4 ^ Vi)- We see that c'^ x ~ "^x ti- This is 
a general fact ensured by flj); however, it is not apparent from the statement of 
Corollary\EE 



Example 2.11. For cases where ^ = v, a formula for c\ ^ which produces a 
different positive expression than Corollary appears in |Bij . [INj . and [Krj . For 
example, using this formula, for d = 3, X = (2,1), and ^ = v = (3,3,1), one 
computes: 

ca,^ =(y6 - yi){.ye - y3){y5 - yi) + {ye - yi){y5 - yi)(.y5 - yi)- 

Using Corollaru \2.8\ 

ca,m =(2/5 - yd){.y5 - yi){y3 - yi) + {ye - yi){y5 - yi){y?. - yi) 
+ {ye ~ yi){ye ~ y?,){y3 - yi) + (2/5 - yz){yi - y'i){yh - yi) 
+ {ye - 2/4)(2/4 - 2/3)(2/5 - yi) + {ye - y-i){ye - y3)(y4 - ys) 
+ {ye - y4){y5 - y4){y5 - yi) + {ye - yi){yb ~ yA){ye - yz) 



=(y6 - yi){ye - y2){y5 - 2/2) + (2/5 - y3){ye - 2/2)(2/5 - 2/2) 
+ {ye - y4:){ye - 2/2)(2/2 - 2/1) + (2/5 - y3)(y6 ~ y2){y2 - yi) 
+ {ye ~ 2/4)(2/5 - 2/i)(2/2 - 2/1) + (2/5 - y3)(y5 - yi)(y2 - yi)- 

These three polynomials are, of course, equal. 

For L e CR\^^, |A| + — \v\ = #(entries of L) — #(unbarred entries of L) = 
#(barred entries of L) = Acg{c"^^). In particular, if |A| + — = 0, then L 
has no barred entries. When |A| + — \v\ = 0, Theorem 12.41 is the ordinary 
Littlewood- Richardson rule (see [Fl| . |LR| . [Sa|). 



2.12. Defining tlie Structure Constants C^ ^ for products of two Sciiubert 
Classes in H^{Grd^n)- The Grassmannian Gr^^n is the set of d-dimcnsional 
complex subspaces of C". Let {ei, . . . , e„} be the standard basis for C". Consider 
the opposite standard flag, whose «-th space is Span(e„, . . . , Cn-i+i)- For A € Vd,n, 
the (opposite) Schubert variety X\ of Gr^.n is defined by incident relations: 



Xx^{Ve Grd,n I dim{V n F,) > dim(C^ n F,)}, z = 1, , 



. ,n. 



where — Span(eAd+d, • . • ,eAi+i). The Schubert variety X\ is invariant under 
the action of the group T = (C*)" on Grd^n- Thus it determines a class S\ in the 
equivariant cohomology ring H^lGrd^n)- 

Let V — Gvd.n X C" be the trivial vector bundle on Grd,„, with diagonal T- 
action, where T acts naturally on Grd,n and on C" (thus V is not equivariantly 
trivial). Let 5* = {{w,v) € V \ v G w} he the tautological vector bundle on Grd,n- 
Then 5* is a T-invariant sub-bundle of V. Let Yi, . . . ,Yn be the equivariant Chern 
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roots of V* and Xi, . . . , Xd the equivariant Chern roots of S. Then H^{Grd,n) is a 
free C[Yi, . . . , y„]-niodule, with the Schubert classes forming a C[Yi, . . . , y,i]-basis. 
Thus for A,/i G Vd.n, 

for some „ G C[Yi, . . . , 1^], where the summation is over all v e Vd.n- We have 

(see m, n m) 

Proposition 2.13. ForXeVd, = . . . , X^, -y„, . . . , -Fi, 0, 0, . . .)• 

Thus by specializing ([T]), we can determine the structure constants ^. 

Corollary 2.14. For X,fi,iye Vd.n, C^^ = c^,p(->;., ■ ■ • , 0, 0, . . .)• 

2.15. Computing the Structure Constants ^. Let \,ii,v & Vd.n- By Corol- 
lary the structure constant CJ^ ^ can be computed using the formula for ^. 
Let i e 'C7^$;^^. Define 

= CL(-r„,...,-yi) 

(3) = n ij(n-d) + \a\-{c{a)~r{a))-Y(ri-d) + \a\-u{L"^^)^ 

aeL 
a barred 

We write Cl > if each factor in ^ is of the form Yi — Yj with i > j, and 
we write cl > if either Cl > or Cl ^ 0. By (O, ct > <^ Cl > 0, and 
CL^O Cl = 0. Thus Propositions [2Jl and \Z9\ implv 



Corollary 2.16. > 0, and Cl > L satisfies any of the equivalent 

conditions of Proposition \2.9l 



By Theorem 12. 4[ Corollarv l2.14l and Corollarv l2.161 we have 
Corollary 2.17. C^^ = '^^ = 



Example 2.18. We continue Examvle \2.10\ For n > 6, X, ^ E Vd.n- Thus for v G 

Vd,n, C'a./j ~ (^1+1-2— i^ri+l-6) + (^)i+l-l^^n+l-4) = (^n- 1 ^ ^n-s) + (^n ^ i^ri-s) • 

2.19. Equivalence of Molev's Results. Our equivariant Littlewood-Richardson 
skew tableaux are essentially the same as the Molev's indexing tableaux .Mol]. 
To determine the tableau in [Molj which corresponds to our L G CTL\ ^, replace 
all barred entries of by unbarred entries and visa- versa, and then rotate the 
resulting object by 180 degrees. If one makes this modification, then Corollarv l2.8l 
is equivalent to |Mol[ Theorem 2.1] after accounting for the relationship between 
double Schur polynomials and factorial Schur functions (see |Moll (1.9)]), and 
Corollarv l2.17l is identical to [Moll Corollary 3.1]. 

In our notation, Molev's positivity criterion states that for L G ^, cl > if 
and only if 

(4) ^(-Z-")c(a) > \a\ for aU a G L with r{a) = 1, 

where uj{L^)' is the conjugate partition to a;(L") (in this case Molev calls v- 
bounded). One can re-express @ as follows: 

ui{L'^)\a\ > c(a) for all a G L with r{a) = 1. 

It is not difficult to see that this condition is equivalent to Proposition 12. 91 5. 
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Related and more general results have been achieved in several directions. Robin- 
son [R] has given a Fieri rule in the equivariant cohomology of the flag variety. 
McNamara [Mc" introduced factorial Grothendieck polynomials, generalizations of 
factorial Schur functions, and has given a rule for computing the structure constants 
for various of their products. 

This paper is organized as follows. In Section [3l we introduce various types of 
tableaux which will appear throughout the paper. In Section [H we prove Propo- 
sitions [23] and the nonnegativity property and positivity criteria of c^. In 
Section [SJ we outline the main steps in our proof of Theorem 12.41 whose two diffl- 
cult technical lemmas are proved in Sections [7] and [H In Section [6l we define a set 
of involutions required for the proofs of these two lemmas. In Section[9l we describe 
a bijection between positive equivariant Littlewood-Richardson skew tableaux and 
Knutson-Tao puzzles. 

3. Several Types of Tableaux 

In this section we collect the definitions of the several types of tableaux which 
we will encounter in the remainder of the paper: reverse barred tableaux, reverse 
barred subtableaux, and reverse hatted tableaux. The latter two are refinements 
of the first. 

A reverse barred tableau of shape /i is a skew barred tableau of shape * /i; 
alternatively, it can be defined as a reverse Young diagram of shape fj,, each of whose 
boxes is filled with either an integer k or a barred integer k € {1, . . . , rf}, in such 
a way that the values of the entries, without regard to whether or not they are 
barred, weakly increase along any row from left to right and strictly increase along 
any column from top to bottom. We denote the set of all reverse barred tableaux 
of shape fi by B{ij,). If S e B{fi), then define A * S to be the skew barred tableau 
obtained by placing the Young tableau whose i-th row consists of I's above and 
to the right of B. Then B ^ X * B defines a bijection from {B G B{fj,) \ (A * _B)" 
is Yamanouchi} to the equivariant Littlewood-Richardson skew tableaux of shape 
X * II, whose inverse map is L ^ Lj^. Any a Cz B also corresponds to an entry 
aeX*B. Define and to be (0 * B)" and (0 * respectively 

A reverse barred subtableaux of shape /i is a reverse Young diagram fi 
each of whose boxes contains either an integer k, a barred integer fc, or is empty, 
where k Q {l,...,d}. A reverse subtableau of shape /i is a reverse barred 
tableau of shape fi which has no barred entries. We do not define any notion of 
row semistrictness or column strictness for such objects, as no such conditions will 
be required for our purposes. Denote the set of all reverse subtableaux and reverse 
barred subtableaux of shape /i by ^Zsub{^J■) and BgubifJ-) respectively. We have the 
following containments: 

Tlsubiy) C Bsubip) 

u u 

TZifi) c B{fi) 

For B g Bsubip) and a & B, define B" and i?"^ just as for elements of B{fj.), 
assuming that when reading the unbarred column word of B, both barred entries 
and empty boxes are skipped over. If _B 6 then define B € TZsubil^) to 

be the reverse subtableau obtained by removing all bars from entries of B, i.e., 
replacing each barred entry of B by an unbarred entry of the same value. 
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A reverse hatted tableau of shape /i is a reverse Young diagram /i each of 
whose boxes is fihed with either a(n) (un- hatted) integer k, a left hatted integer k, or 
a right hatted integer k, k € {1, . . . , d}, such that the values of the entries, without 
regard to whether or not they are hatted, weakly increase along any row from left 
to right and strictly increase along any column from top to bottom. Denote the 
set of all reverse hatted tableaux of shape fi by Ti-ifJ,). If H is a. reverse hatted 
tableau, then define H to be the reverse barred tableau produced by replacing all 
hats (right and left) by bars. Hence for a reverse barred tableau B with m barred 
entries, there are 2™ reverse hatted tableaux H such that H = B (since each k 
of B can be replaced by either k or k). For a G H, define and to be 
and i?" respectively. Define (resp. H^) to be the set of left-hatted (resp. 
right-hatted) entries of H. 

We next give two different ways to generalize the polynomial cl defined in Section 
H Let ^ e N'^. For B e Bsubit^), define 

(5) C^,B= n (ye^.Bia) -VfBia)), 

a barred 

where e^,B(a) := (C + ^iB^a))\a\ and /s(a) |a|' + c(a) - r(a), a e B. For 
H e Hi^i), define 

(6) d^,H = n y<=i.Hia) n i-viHia)), 

aeH' aeH'- 

where e^,_f/(a) := (^ + ijj(i?"^))|a| and fnia) ■= + c(a) — r{a), a & H. In both 
([5]) and jl]), the empty product is defined to equal 1. 
Let B G B{fi). By definition, 

(7) C\fB = Cx+p+i,B- 

In addition, the equation 

(8) c^.B = '^i^" 

H = B 

expresses c^^s by expanding ^ in terms of monomials in the y^'s. Combining ([7]) 
and ([8]), we have 

(9) ca*s = ^ dx+p+i^H- 

~H = B 

If i? e TZsubiti-)^ then define {x\y)^ = Jlaefl (^q -Ufnia))- This definition is 
consistent with the definition of (a; | y)^\ R G 7?.(/i), given in Section H 

4. Proofs of Nonnegativity Property and Positivity Criteria 

Let L e CTZ\ ^, and let B = L\p. For a e B, which we also view as an entry of 
L, define L" ^ to be L" ^ if a is barred, or i"^ appended with a if a is not barred. 
Define 

A{a) ^ Lo{LlJia\ - c{a) + r{a). 
If a is barred, then w(i"^) = tj(L"jj); hence A(a) gives the difference between 
the two indices i — j of the factor yi — yj corresponding to a in ([5]). Therefore 
Propositions 12.71 and 12.91 are equivalent to the following two lemmas respectively. 
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Lemma 4.1. // A(a) < for some barred a ^ B, then A(6) = for some barred 
be B. 

Lemma 4.2. The following are equivalent: 

(i) A(a) > for all barred a E B. 

(ii) A(a) > for all barred a e B with r{a) = 1. 
(Hi) A(a) > r(a) for all barred a € B. 

Before proving these two lemmas, we first establish some properties of A. 

Lemma 4.3. The function A : B ^ Z satisfies the following properties: 

(i) If a e B and c(a) — 1, then A(a) > 0, with equality implying that a is barred. 

(ii) If one moves left by one box, then A can decrease by at most one. If it does 
decrease by one, then the left box must be barred. 

(Hi) // A(a) < for some a £ B, then A(b) ~ for some barred b e B on the same 



(iv) The function a ^— > A (a) — r{a) is weakly decreasing as one moves down along 
any column. 

Proof (i) Since r{a) > 1, A(a) > 0. If A(a) = 0, then r{a) ^ 1 and t^(L<a)|a| = 0. 
The latter requirement implies that a is barred. 

(ii) If entry m lies one box left of a, then —c{m) — —c{a) — 1, r(m) = ''(i), and 
'^(-^<m)|"i| — '*^(^<a)|m| — (-^<a) |a| ' where the first inequality is an equality if 
and only if m is barred. The second inequality is a consequence of the fact that the 
unbarred column word of L is Yamanouchi. 

(iii) Let m be rightmost entry in the same row as a. If A(m) — 0, then by (i), m is 
barred, so letting b = m we are done. Otherwise A(m) > 0. By (ii), as one moves 
left from m to a along the row the two entries lie on, one must encounter some 
barred b for which A(&) = 0. 

(iv) If entry m lies one box below a, then w(L^^)|a| = uj{L'^^)\a\ > w(i<„)|™|, 
since the unbarred column word of L is Yamanouchi. □ 

Proof of Lemmas \4-.1\ and \4.S\ Lemma 14.11 is a special case of Lemma I4.3f iii). In 
Lemma 14. 2 1 implications (iii) =^ (i) =^ (ii) are clear. We prove (ii) 
(iii). Suppose that a G B is a barred entry such that A (a) < r(a). Let m be the 
bottom entry in column c(a). By Lemma l4.3f iv). A(m) < r(m). Since r(jn) = 1, 
A(m) < 0. By Lemma [4.3^ 111) . A(6) = for some barred b on the bottom row of 



In this section we list the main steps in the proof of Theorem 12.41 The bulk of 
the technical work, however, namely the proofs of Lemmas 15.11 and 15.21 is taken 
up in the three subsequent sections. The underlying logic and structure of our 
arguments in this and the following three sections follows Stembridge [St], who 
works out similar results for ordinary Schur functions. 



For fc G N, define the polynomial {xj \y)^ = (xj ~ yi) ■ ■ ■ {xj — yt). For ^ = 
(Ci, . . . ,$d) e N"*, define a^{x \ y) = det[{xj \ y)^']i<ij<d- 



row as a. 



B. 



□ 



5. Generalization of Stembridge's Proof 




BeBifj.) 
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Lemma 5.2. CA*BaA+p+ii;(_Bi») (a; | y) = 0, where the sum is over all B G B{^) 
such that the unbarred column word of X * B is not Yamanouchi. 

The following four corollaries follow easily from these two lemmas. 

Corollary 5.3. ax+p{x \ y)Sfj_{x I J/) = ^ c\*Ba\+p+u;(B'')ix \ y), where the sum is 
over all B G B{^) such that the unbarred column word of X * B is Yamanouchi. 

Suppose that B G B{fi) is such that the unbarred column word of * _B is Ya- 
manouchi. If B has barred entries, then by Propositions 12 . 71 and 12 . 91 5 . C0*b — 0. If 
B has no barred entries, then B must be the unique reverse tableau of shape n and 
content fi: B contains a 1 at the top of each column, and its entries increase by 1 
per box as one moves down any column. Thus, by setting A = in Corollarv l5.3[ 
we arrive at a new proof of the bialternant formula for the factorial Schur function 
([GG], [Mai]): 

Corollary 5.4. s^(x | y) = ap+p{x \ y)/ap{x \ y). 

Dividing both sides of the equation in Corollarv l5.3l bv ap{x \ y) and applying Corol- 
lary 15.41 yields 

Corollary 5.5. s\{x\y)sp{x\y) — '^a*bSa+w(_B") (^^ 1 2/); where the sum is over 
all B G B{fj,) such that the unbarred column word of X* B is Yamanouchi. 



Regrouping the terms in this summation: 



sx{x\y)s^,{x\y) = ^ 



E 



ca*b 



{X*B)^ Yamanouchi 



'{x\y) = ^\ XI s^{x\y). 



This proves Theorem 12.4 



Remark 5.6. Let k G Vd, k < i.e., Ki < fit, i = 1, . . . , d. One can extend our 
analysis to factorial skew Schur functions of the form Sp/^{x \ y) (see |Mal| ). One 
replaces B{^) with B{^/k), the set of all reverse barred tableaux of shape ^l/k. All 
above definitions extend naturally. For example, for B G B{ii/k), cx^,b is computed 
just as for B G B^fi), but with all boxes of k C ii assumed to be empty. All 
proofs are virtually unchanged, modified only by formally replacing ^ by ^/k. As a 
generalization of Corollary \5. 51 we obtain 

s\{x\y)Sf,/^{x\y) = ^cx^BSx+u,{B^){x\y), 

where the sum is over all B G B{ii/k) such that (A * B)^ is Yamnaouchi. This 
generalizes Zelevinsky's extension of the Littlewood-Richardson rule f\St\ . [Z] ). 

6. Involutions on Reverse Hatted Tableaux 

In his proof, Stembridge [St] utilizes involutions on Young tableaux introduced 
by Bender and Knuth |BK] . There is an analogous set of involutions on H{ii) 
which satisfy properties required for the proofs of Lemmas 15.11 and 15.21 (see Lemma 
16. 4p . We remark that we were unable to find a suitable set of involutions on B{fj,), 
and this is what initially led us to examine If the involutions on Ti-^fJ.) are 

restricted to 7^(^), then the Bender-Knuth involutions are recovered. 
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6.1. The Involutions si, . . . , Sd-i of Let H G Ti-ifi), and let i G {1, . . . , d— 

1} be fixed. Then an entry a oi H with value i or i + 1 is 

• free if there is no entry of value i + 1 or i respectively in the same column; 

• semi-free if there is an entry of value j + 1 or z respectively in the same 
column, and at least one of the two is hatted; or 

• locked if there is an entry of value i + 1 or z respectively in the same 
column, and both entries are unhatted. 

Note that any entry of value i or i + 1 must be exactly one of these three types, 
and each hatted entry of value i or i + 1 must be either free or semi-free. In any 
row, the free entries are consecutive. Semi-free entries come in pairs, one below the 
other, as do locked entries. 

To define the action of Si on H E Ti-ifi), wc first consider how it modifies the free 
entries of H (see Example 16. 2|) : 

1. Let 5 be a maximal string of free entries with values i and z -I- 1 on some row 
of H. Let 5°, 5', and 5"' denote the unhatted, left-hatted, and right-hatted 
entries of S respectively. Modify 5"° U S' , as follows: 

A Change the value of each entry of value z to z -I- 1 and each entry of 

value z 4- 1 to z, without changing whether or not it has a left hat. 
B Swap the entries of value z with those of value z -I- 1 : remove all entries 
of value z; then move each entry of value z -|- 1, beginning with the 
rightmost one, into the rightmost available empty box; then put the 
removed entries of value z back into the empty boxes of B, preserving 
the relative order of barred and unbarred entries. 
In this step, S° U has been modified. No other entries of H, in particular 
no entries of S"", have been modified, changed, or moved. Denote the mod- 
ified string 5* by 5i. A potential problem has been introduced: the values 
of the entries of Si may not be weakly increasing as one moves from left to 
right. In step 2 we correct for this. 

2. Let {Si)i and (S'[)i+i denote the entries of of value z and z -|- 1 respec- 
tively. Beginning with the leftmost entry a S {Sl)i, let b be the entry of 
Si to the left of a. If b has value z -I- 1, then switch the entries b and a, 
and then change the left entry from i to z -|- 1. Now move right to the next 
entry of and repeat this procedure until it has been performed on 
all entries of (5'[)i. Next, beginning with the rightmost entry a e (S'[)i+i, 
let b be the entry of 5*1 to the right of a. If b has value z, then switch the 
entries b and a, and then change the right entry from z -f 1 to z. Now move 
left to the next entry of {S{)i^i, and repeat this procedure until it has been 
performed on all entries of {Sl)i^i. 

Upon completion, we denote by 5*2 the resulting string obtained by mod- 
ifying 5*1. It is weakly increasing. 

We next consider how Si modifies the semi-free entries of H: 

3. For a semi-free pair consisting of two entries lying in the same column of 
H, each entry removes its hat (if it has one) and places it on top of the 
other entry. 

The reverse tableau SiH is obtained by applying steps 1 and 2 to each maximal 
string 5* of free entries of H (replacing S* by ^2) and then applying step 3 to each 
semi-free pair. 
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Example 6.2. We illustrate steps 1 and 2. Suppose that i = 2, and S consists of 
the following maximal string of consecutive free entries lying along some row of H : 



s 


=2 


2 2 


2 2 


2 


2 2 


3 3 


3 3 


5"° US'' 


=2 


2 


2 2 


2 


2 


3 3 


3 




3 


3 


3 3 


3 


3 


2 2 


2 




2 


2 


2 3 


3 


3 


3 3 


3 


Si 


=2 


2 2 


2 3 


3 


2 3 


3 3 


3 3 


S2 


=2 


2 2 


2 3 


3 


3 3 


3 3 


3 3 



In line 2 we remove the entries of S^ from the picture for convenience, in order to 
focus attention on the operations performed in step 1, which only affect S^ SK In 
lines 3 and 4 the results of applying steps lA and IB successively to S^ U S*' are 
shown. In line 5, the removed entries from S^ are replaced. In line 6, the result of 
applying step 2 to Si is shown. Only two entries are changed in this step. 

This algorithm defines maps hi : {siHy and br : {siHY , as follows. 

li a E is free, then in step lA, the value of a is either increased or decreased by 
1; in step IB, it is then moved to a different box; in step 2, this new entry in this 
new box is moved at most one box and changed by at most one in value, resulting 
in the entry we denote by 6; (a). If a S is free, then a is unchanged in step 1 
and moved at most one box and changed by at most one in value in step 2. Denote 
the resulting entry by hr{a). If a S iJ' or a G i?'' is semi- free, then 6; (a) or hr{a) is 
the entry in siH which it gives its hat to. 

In Example 1 6. 21 if a is the rightmost entry of S, which is a 3, then 5/(o) is the 2 
which is the fourth entry of 5*2 from left. These two entries are, of course, entries 
of H and SiH respectively. 

Lemma 6.3. Si is an involution on Ti-iiJ.), i G {1, . . . , d — 1}. 

Proof. We begin by showing that SiH G i.e., SiH is row semistrict and 

column strict. The only nonobvious condition is that if S is any maximal string of 
free entries of H lying along some row, and 5*2 the string that replaces it in SiH, 
then SiH weakly increases along the left and right boundaries of ^2. To see this, 
note that if any entry of H of value i + 1 is free, then so are all entries of value i + 1 
to the right of it in the same row; and if any entry of H of value i is free, then so 
are all entries of value i to the left of it in the same row. Thus by the maximality 
of 5*, there are no entries of H of value i in the same row and to the right of S, and 
there are no entries of H of value i + 1 in the same row and to the left of S. Hence 
changing values of S from i to i + 1 and visa-versa to form 5*2 does not affect the 
row semistrictness of H along its boundaries. 

We next show that sf = id. Since the free entries of H lie in the same boxes as 
the free entries of SiH, it suffices to show that sf{S) = S for any maximal string 
S of free entries of H (where SiS is defined to be SiH restricted to S). If step 1 
is apphed to {siS)° U {siSY, then one sees that the same entries of 5"° U S^ are 
retrieved, although possibly not in their same boxes. However the relative order of 
the entries is the same. Now one checks that for a G , b'^{a) — a. □ 
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Let (7i be the simple transposition of the permutation group Sd which exchanges 
i and i + 1. The involution Si satisfies the following properties: 

Lemma 6.4. Let H e H{fi), a G H'^ , and b e H'' . Then 

(i) \bi{a)\ = at\a\ 

(ii) uj[[s,HY) = cr,u{H^). 

(ill) u{{s,H)l,^^^^ = a,u^{Hl,) 

(iv) eai^,s,H{bi{a)) = e^^nia) 

(v) fsMbrib)) = fnib) 

(vi) dcTi^^s.H d^,H 

Proof, (i), (ii), and (iii) follow from the construction of Si. 

(iv) By parts (iii) and (i), 

ea,i,s,H{biia)) = (CTi^ + t^((s,i7)^t^(^)))|f„(„)| 

= (CT,e + f7»t^(i?<J)|b,(a)| 

= (a.(e + c.(i?:iJ)).,H = (e + ^i?<J)|a| =e4,H(a) 

(v) Under br, the entry b is either kept in place, moved up, down, left, or right by 
one box. In these cases, its value is either left unchanged, decreased, increased, in- 
creased, or decreased by one respectively. The result now follows from the definition 

Of/ff. 

(vi) This is a consequence of (i), (u), and ([6]). □ 

Let H G Ti-ip) and let a E Sd- Choose some decomposition of a into simple 
transpositions: a = ai-^ ■ ■ ■ (Ji^. Define aH := s^^ • • ■ Si^H. Although aH depends 
on the decomposition chosen for a, by Lemma l6.4r ii) and (vi), 

(10) uj{{(jHY) = auj{H'') and d,^^,H=d^,H- 

In particular, both lo{{(jH)'^) and d^i^^crH are independent of the decomposition of 
a. 



7. Proof of Lemma ISTTl 

Lemma rs. II is a generalization of [St, (1)]. In proving (StJ (1)], Stembridge uses 
the simple fact that if 5 is a tableau and ^ = (^i, . . . , ^d) £ N'', then x^x^ = a;?+"('^). 
The generalization of this fact which we will need in order to prove Lemma |5. II is 
the following lemma. Define (x | y)^ — {xi \ y)^^ ■ ■ ■ {xd \ y)^"^- 

Lemma 7.1. Let R e TZsub{^) and let ^ e N"*. Then 

{x\y)^{x\y)^^ J2 ce+i,s-(a;|y)«+"(^"'. 

B = R 

In fact, we only need this lemma for R e 'R-ifJ-)- We prove this result more generally 
for R e TZsubil^) only to allow for induction on the number of entries of R (and 
thus allow for the possibility that some boxes of R are empty). We remark that 
Ti-snhiP') and Bsub(/^) were introduced in this paper solely to allow for induction in 
this proof. 
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Proof. By induction on the number of entries in R. Let a be an entry of R with 
value k, such that R has no entry of value k in any column to the left of a. Let a 
be the box containing a. Let R' = R\ahe the the reverse subtableau which results 
from removing a from R. 

If B e Bsubifj) is such that B = R, then the entry of B in box a, which we 
denote by Ba, must either be k or k. Let B' denote B \ Ba- The following three 
sets are in bijection with one another: 

{B e Bsubil^) \ B = R,B„ = k}^{B€ Bsubifi) \ B = R,B^ = k} 

^{D&Bsub{li)\D = R']. 

The first bijection simply adds a bar to Ba, and the second bijection removes B^ 
from B, mapping B to B' . For brevity, we denote eB,^{Ba) and fsiBa) by just 
e{Ba) and f{Ba) respectively for the remainder of this proof. If Ba is unbarred, 

then 

C5+i,B = c^+i,B' and (x I = (x | - ye(B„)+i)- 

On the other hand, if _B„ is barred, then 

C5+i,B = C5+i,B'(ye(B„)+i - y/(B„)) and (x | y)f+-(^") = (x | 
Thus, 



B = K 



B = i?, 

Ba=k Ba=k 

= Y c^+i,B'(x|y)«+-«^')")(a;B„-ye(B„)+i) 

+ Yl Cj+i,B'(2/e(B„)+l - 2//(B„))(^ I 

B = R_ 

Bq =fc 

Y U+l,B'ix I 2/)«+'^«^')"H^B„ - 2/e(B„) + l) 



B=B 
BQ=fc 



B=R 



+ cj+i,B'(ye(B„)+i - 2//(B„))(a; I 
5^ cj+i,B'(x|y)«+-((^')")(a;^^_y^(^^^) 



B = R 



Y (c5+i,^(:r|2/)«+-(^"))(:rB„-y/(B„)) 



r>=R' 



= {x I I 



□ 
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Proof of Lemma 15. Jl 

a,+,{x I y)s,{x I y) ^ ^g^^(^)(^ I vV^'^'H^ I v)'' 

= E E E MA+P+i).BBgn(a)(x|,r(^+PH-(^") 

B = R 

-EE E E ^'^(>+p+i),^«g^^(-)(-i?/r^'^''^^"'^"^ 

B = R H = B 

'^Y. E dA+p+i,^sgn(a)(.|,r(^+''+-(^"» 

= E E E rfA+p+i,^sgn(a)(x|y)-(^+''+-(^")) 

H = B 

-T. E c.+p+i,BSgn(a)(x|yr(^+''+-(^")) 
creSd -BeB(p) 

- E CA+p+l,BaA+p+u;(S'')(2; I y) = E '=A,BaA+p+a;(B")(2; I y)- 

-BeZ3(p) Bei3(p) 

Equality (a) follows from the definition of a^, noting that a{\ + p) + l = cr(A+p+l); 
(b) follows from Lemma [7. 11 setting S = R and ^ = a{X + p): (c) from ([5]), with 
f = (t(A + p); (c) from (fTU]) : and (f) from ([7]). For (d), we use the fact that for a 
fixed a and arbitrary decomposition a = (Ji-^ ■ ■ ■ ai^, since each Si is an involution 
on 7i(/i), as H runs over all elements of Ti{p), so does aif. □ 



8. Proof of Lemma [5T2] 

By ^ , Lemma 15.21 is equivalent to the following lemma, whose statement and 
proof generalize arguments in ^St}. For H £ and j a nonnegative integer, 

define H^j to be the sub-hatted tableau of H consisting of the portion of H lying 
in columns to the right of j, and = (H^j)^ (and similarly for i?<j, H>j, etc.). 

Lemma 8.1. Let \ ^Vn- Then 

(11) E '^>-+p+^.Hax+p+uj(H-^){x I y) = 0, 

the sum being over all H £ 'H{p) for which A + uj{H'^-) ^ Vd for some j . 

Proof. We call H G Ti-ip) for which A + uj{L['^j) ^ Vd for some j a Bad Guy. 
Let iJ be a Bad Guy, and let j be minimal such that A + uj{LI^j) ^ Vd. Having 
selected j, let i be minimal such that (A + ijj{LL^-))i < (A + w(_ff"^))i+i. Since 
(A + uj{H'^j_i))i > (A + uj{H'^j_i))i+i (by the minimality of j), we must have 
(A + cj(iJ" ■_^))i = (A + tj(if" ■_^))i4.i, and column j of H must have an unhatted 
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i + 1 but not an unhattcd i. Thus 

(12) (A + p + 1 + iuiHl^)h - (A + p + 1 + u;{H^^)y,+i. 

Define H* to be the reverse tableau of shape /i obtained from H by replacing 
Hyj by Si{Hyj). Notice first that H* is still semistandard. Indeed, since ct^ appHed 
to Hyj can only change the values of its entries from i to « + 1 and visa-versa, the 
only possible violation of semistandardness of H* would occur under the following 
scenario: (a) H has an entry a of value i in column j (which has to be either an i 
or i), (b) H has an entry b of value i immediately to the left of a, and (c) Si applied 
to iJ>j changes the value of 6 to i + 1. However, this scenario is impossible. If 
(a) and (b) both hold, then since H is semistandard, the entry of H immediately 
below b must have value i + 1 (we remark that the reverse shape of the tableau is 
critical here). Therefore the entry in box b is not a free entry of Hyj, so Si does 
not change its value, i.e., (c) is violated. Notice second that H* is still a Bad Guy, 
since i/^^ ~ Thus H H* gives an involution on the set of Bad Guys of 

We define maps b*i : {H*y and b; : H"- ^ {H*Y , as follows. If a e {H<j)\ 

then define 6;* (a) = a. If a G {HyjY, then during the construction of H*, in the 
process of applying Si to Hyj, a is mapped to bi(a) € {HyjY . This same element 
6; (a), regarded as an element of {H*y, is denoted by 6;* (a). The map b* is defined 
analogously. 

We wish to show that for a ^ H\ 

(13) ex+p+i,Hia) = eA+p+i.ff* (6,* (a)), 
and for a G , 

(14) fH{a) = fH'{K{a)). 

For a G (i?<j)' or a G (i?<j)'' , both ^ and ^ are obvious. The proof of (fH)) 
for a G {HyjY follows in much the same manner as the proof of Lemma l6.4r vl. 
It remains to prove for a G {HyjY . For such a, by Lemma l^^ iii). 

(15) aM,<Hl,(a)) = ^(^.(.<^<c(6,(a)))) = ^(.<(i^*)<c(fcr(a))), 

where ;<^^<m := H>i n i?<,„. By 

(16) (J,{\ + p+\+uj{Hlj)) = \ + p+l + oj{Hl^) = \ + p+l + oj{{H*)\j). 
Thus 

ex+p+iM{a) = (a + p + 1 + o.(F:i^(„)))) 

\ ^ ' / ai\a\ 

\ ^ ' / |b*(a) 

= (a,(A + p + i + ^(,<i/:;,(,)) + ^H:i^.)))„., 

V ^ ' / |b*(a) 

= U{u{,<Hl^^^^)) + a,{\ + p+l + u:{Hl^))) 

\ -J |6*(a) 

(^(,<(H*)«,(,.(,))) + A + p+l+^((i/*)^,)) 
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Equality (a) follows from Lemma I6.4r i): (b) follows from (fTS]) and (fT6|) . This 
completes the proofs of (fTS]! and ^T^ ■ 
Now (1131) and (HI]) imply 

aeH' aeH'- 

(17) = n ye;,+p+i,«.(b-(a)) n (-y/ff-cf-r (''))) 

a£{H'y a£{H'Y 

By aMH"j) - and HI]), cr,(A + p + cj(i7")) = (A + p + tj((iJ*)")); thus 

(18) ax+p+^{H-){x I y) = -aA+p+^((//.)")(a; | y). 

By (flT)) and (fTS)) . the contributions to ITT]) of two Bad Guys paired under the 
involution H i—>- H* are negatives, and thus cancel. If a Bad Guy is paired with 
itself under H ^ H*, then ([TS]) implies that its contribution to ([TT]) is 0. □ 

9. BiJECTION WITH KnUTSON-TAO PuZZLES 

In this section we give a weight-preserving bijection between positive equivariant 
Littlewood-Richardson skew tableaux and Knutson-Tao puzzles; thus both combi- 
natorial objects compute identical expressions for the structure constants cj( ^ and 
^, A, /i, G Vd^n- We begin by reviewing the construction of Knutson-Tao puz- 
zles. 

9.1. Puzzles. A puzzle piece is one of the eight figures shown in Figure jS] each 
of whose edges has length 1 unit. Each puzzle piece is either an equilateral triangles 
or a rhombus, together with a fixed orientation, and a labelling of each edge with 
either a 1 or 0. The rightmost puzzle piece in Figure [3] is called an equivariant 
puzzle piece; we color it cyan (or light gray on a black and white printer). 




1 10 

Figure 3. The eight puzzle pieces 



A puzzle P is a partitioning of an equilateral triangle of side length n into 
puzzle pieces (see Figure H]) . Implicit in this definition is that if two puzzle pieces 
of P share an edge, then both puzzle pieces must have the same label on that 
edge. The large equilateral triangle forming the boundary of P is called simply the 
boundary of P and denoted by dP. The northeast, northwest, and south sides of 
the boundary are denoted by 9Pne, 9Pnwj and dPg respectively. One forms three 
n-digit binary words by reading the labels along the three sides of dP: the labels 
of 9Pne are read from top to bottom, the labels of 9Pnw from bottom to top, and 
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the labels of dPs from left to right. To these three binary words we associate three 
partitions of 'Pd,n under the map w i-^ (771, ... , rjd) 6 Vd,n, where rjj is the number 
of zeros of w which lie to the right of the j-th one of w from the left (for example, 
0110001010 ^ (5,5,2, 1) G Va.io). Denote by the set of all puzzles P for 

which these three partitions are A, /i, and v, in that order. 




Figure 4. A puzzle P, with n — 9, d — 3. The n-digit binary 
words of the NE, NW, and S sides of the boundary are 001001100, 
001010010, and 101000100 respectively. Thus P G CV^^^, where 
A = (4, 2, 2), fi = (4, 3, 1), and i' = (6, 5, 2). 

For any equivariant puzzle piece of a puzzle P, draw two lines from the center 
of the puzzle piece to dPs'. one line Li parallel to 9Pnw and the other L2 parallel 
to 9Pne (see Figure [S]). The line segment dPs consists of n edges of puzzle pieces, 
which we number 1, 2, . . . , n from right to left. The lines Li and L2 cross dPs in 
the center of two edges e and / respectively, where e > /. The factorial weight 
of the puzzle piece is ye — yj, and the equivariant weight of the puzzle 
piece is — Yn+i-e- Let cp denote the product of the factorial weights 

of all the equivariant puzzle pieces of P and Cp the product of the equivariant 
weights of all the equivariant puzzle pieces of P. For example, in Figure |4l cp = 
(2/8 - y3)(y3 - y2)(y3 - yi) and Cp = (IV - Y2){Ys - Yr)iYg - Yr). 

Proposition 9.2. There is a weight preserving bijection $ : £^5;+ ^ 'C7^^ + . 
By weight-preserving, we mean that for P G CP'\^^, cp and c^^^p'f are equal, and 
moreover are identical expressions; and similarly for Cp and C^(^py 

Proof. The bijection $, illustrated in Figure [6l generalizes Tao's 'proof without 
words' of the bijection between puzzles and tableaux in the nonequivariant setting 
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Figure 5. The equivariant puzzle piece has factorial weight j/g ~ 
2/3 and equivariant weight —Y2. 



[Vl Figure 11]. The large triangle in the center of Figure [S] represents a generic 
puzzle P. The equivariant Littlewood- Richardson skew tableau is the skew 

barred tableau formed by placing the Young tableau on the top-right of Figure [6] 
above and to the right of the reverse barred tableau on the top left of the figure. 
We list three properties of any L G CTZ'^ : 

(a) L\f^ is column strict; 

(b) the unbarred column word of L is Yamanouchi; and 

(c) CL > 0. 

Let P e CP"^^^. For i G {l,...,d} (where d = 4 in Figure [H), there is a path 
Pi consisting of 1-triangles and rhombi which begins on 9Pne, moves only west 
or southwest, and ends on dPs (see Figure [7]). Each path Pi has segments Pij 
consisting of the consecutive rhombi lying to the right of an upward pointing 1- 
triangle and to the left of either a downward pointing 1 triangle or 9Pne. We list 
three properties of P: 

(a) ' for i = 2, . . . ,d and all j, the distance from the leftmost edge of Pij to 

9Pne is greater than or equal to the distance from the leftmost edge of 
Pi-ij to to 9Pne; 

(b) ' the interiors of the Pi do not touch; and 

(c) ' the interiors of all equivariant puzzle pieces lie above dPs- 

Given any P G CV'^^, Figure [6] shows how to construct a skew barred tableau 
$(P). Properties (a)', (b)', and (c)' of P imply properties (a), (b), and (c) of <1>(P) 
respectively. Conversely, given any L G ^Tl'^ ^ , Figure [5] shows how to construct 
a puzzle $~^(L). Properties (a), (b), and (c) of L ensure that the puzzle <I>~^(L) 
can be constructed, and imply that it satisfies (a)', (b)', and (c)' respectively. 
Uniqueness is clear. 

To each equivariant puzzle piece of P there corresponds a barred entry of <i>(P), 
and they both determine the same factor jji — yj of cp and c$(p) respectively. 
Therefore $ is weight preserving. □ 

Using Corollary 12.81 and Proposition 19.21 we obtain a new proof of the following 
theorem, which is due to Knutson and Tao jKTj . 

Theorem 9.3 (Knutson-Tao). c$;_^ = ^ cp and C^^ = ^ Cp. 
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Figure 6. A generic puzzle P (center), and its associated positive 
equivariant Littlewood- Richardson skew tableau ^{P) (top-right, 
top-left). In P, black represents regions of 1 triangles, green (dark 
gray) represents regions of triangles, white represents regions of 
non-equivariant rhombi, and cyan (light gray) represents regions 
of equivariant rhombi. 
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Figure 7. The paths Pi, i = 1, . . . , 4, of the puzzle P of Figure 
|6l The segments Pij of each path are shaded. The segments may 
contain two types of puzzle pieces: equivariant puzzle pieces and 
rhombi with horizontal 0-edges. 
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Figure 8. The puzzle P of Figure 2] is redrawn using the coloring 
scheme described in Figure [HI All edge labels other than those on 
the boundary of the puzzle are suppressed. is also shown. 
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Figure 9. Ah elements of CV^^ and CTZ"^^, for d = 2, n = 4, 
A = (1, 1), A* = (2, 1), and ly = (2, 1). We have < ^ = (2/4- 2/3) (^2 - 
yi) + {ys - yi){y2 - yi) and C^^ = (Fa - Y^){Y^ - Fg) + (i4 - 

>2)(>4-r3). 
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9.4. Trapezoid Puzzles. We next extend <i> to a bijection onto £7^5^ ^. To do so, 
we increase the size of the domain of $ by defining generaUzations of puzzles, which 
we call trapezoid puzzles. The extention of <i>, which we also denote by <&, allows 
us to view nonnegativity from the point of view of trapezoid puzzles rather than 
equivariant Littlewood-Richardson skew tableaux. 

Consider the isosceles trapezoid T formed by placing an equilateral triangle of 
side length n on top of a rhombus of side length n (see Figure [TUl) . The boundary of 
T, denoted by of dT, is divided into 5 parts: northeast, northwest, east, west, and 
south (denoted by 9Tne, 9Tnwi (?Te, i9Iw, and dTg). The northeast and northwest 
boundaries of T are the northeast and northwest boundaries of the equilateral 
triangle, and the east, west, and south boundaries of T are the east, west, and 
south boundaries of the rhombus. A trapezoid puzzle is a partitioning of T into 
puzzle pieces in such a way that all labels of dT^ and cTvv are O's. Denote by 
CT"^ ^ the set of all trapezoid puzzles whose n-digit binary words read from cTne, 
cJTnw, and dTg correspond to partitions A, /i, and v respectively. 

Let D denote the line segment forming the south border of the triangle (and 
the north border of the rhombus). For any equivariant puzzle piece of a trapezoid 
puzzle P, draw two lines from the center of the puzzle piece to D: one line Li 
parallel to cTnw and the other L2 parallel to STne- The lines Li and L2 cross 
D at e — .5 and / — .5 units from its right endpoint, respectively (e, / are both 
integers). If the equivariant puzzle piece lies above D, then e > /; if it lies below 
D, then e < /; if it is bisected by D, then e = /. The factorial v^reight of the 
puzzle piece is ye — yf, and the equivariant weight of the puzzle piece is 
Yn+i-f — Yn+i-f,- Let Cp denote the product of the factorial weights of all the 
equivariant puzzle pieces of P and Cp the product of the equivariant weights of all 
the equivariant puzzle pieces of P. 

A puzzle can be viewed as a trapezoid puzzle all of whose 1-triangles lie above 
D. In this way CV^^^ may be viewed as a subset of ^CP^ ^, and the inclusion is 
weight-preserving. A diagram very similar to Figure [6l but for trapezoid puzzles 
instead of puzzles, can be used to prove 

Proposition 9.5. The bijection <& : ^CP^Iji ^ '^^a^ of Proposition [97^ extends to 
a weight preserving bijection $ : CT"^ ^ f_i- 

One makes the following two observations: if P G ^'P'x f_i \ ^T^'x^^ ^■'^■^ P ^as 
a 1-triangle lying below D, then (i) at least one equivariant puzzle piece must be 
bisected by D, and (ii) stronger, at least one equivariant puzzle piece corresponding 
to a bottom row element of ^(P) must be bisected by D. Although we have not 
included a diagram such as Figure [6] for trapezoid puzzles, these two statements 
can nevertheless be seen in Figure [6] itself, if one imagines placing the required side 
length 71 rhombus underneath the figure, and 'stretching' the 'paths', expanding 
without breaking the 'loops', so that the 1-triangles are pushed into the rhombus 
below. Statement (i) implies that cp — Cp = 0. Combined with Proposition [931 it 
gives a simpler proof of Proposition [277] Statement (ii) proves that Lemma l4.2f iii) 
implies Lemma [4.2^ 1). That Lemma [4.2( 11 implies Lemma [4.2( 11) can also be seen 
easily by considering trapezoid puzzles (or puzzles). 

By Theorem 19.31 and Proposition 19.51 we have 

Corollary 9.6. c$;^ ^ cp and C^^ = ^ Cp. 
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Figure 10. A trapezoid puzzle P (center), for d = 3, n — 13, 
X ~ (5,2,1), /i — (8,5,1), 1^ ~ (9,4,2); and the corresponding 
equivariant Littlewood-Richardson skew tableau <&(-P) (top-right, 
top-left). The line D separating the triangle from the rhombus 
is darkened. The fact that 1-triangles lie below D implies that 
cp = Cp = 0. Indeed, cp = (yg - y4)(y5 ~ 2/2)(2/2 - yi)(y2 - 
2/2) (2/2 - y3)(y3 - 2/5) (2/6 - Vs) = 0, and Cp = (Yio - Y5){Yi2 - 
Yg){Yi3 - ri2)(Fi2 - Yi2){Yii - ri2)(r9 - Yii)iYe - Ys) = 0. 



26 

[Bi] 

[BK] 

[BL] 

[CL] 

[Fl] 

[F2] 

[GG] 

[Gr] 

[IN] 

[Kr] 

[KT] 

[KTW] 

[La] 

[LSI] 

[LS2] 

[LR] 
[Mai] 

[Ma2] 

[Mc] 

[Mi] 

[Mol] 
[Mo2] 

[MS] 

[R] 

[Sa] 



VICTOR KREIMAN 



References 

S. C. Billey, Kostant polynomials and the cohomology ring for G/B, Duke Math. J. 96 
(1999), no. 1, 205-224. 

E. A. Bender and D. E. Knuth, Enumeration of plane partitions, J. Combinatorial 
Theory Ser. A 13 (1972), 40-54. 

L. C. Biedenharn and J. D. Louck, A new class of symmetric polynomials defined in 
terms of tableaux, Adv. in Appl. Math. 10 (1989), no. 4, 396-4.38. 
W. Y. C. Chen and J. D. Louck, The factorial Schur function, J. Math. Phys. 34 
(1993), no. 9, 4144-4160. 

W. Flilton, Young tableaux, London Mathematical Society Student Texts, vol. 35, Cam- 
bridge University Press, Cambridge, 1997. 

W. Pulton, Equivariant cohomology in algebraic geometry, Eilenberg lectures, Columbia 
University, 2007. Available at http://www.math.lsa.umich.edu/dandersn/eilenberg. 

I. Gouldcn and C. Greene, A new tableau representation for supersymmetric Schur 
functions, J. Algebra 170 (1994), no. 2, 687-703. 

W. Graham, Positivity in equivariant Schubert calculus, Duke Math. J. 109 (2001), 

no. 3, 599-614. 

T. Ikeda and H. Naruse, Excited Young diagrams and equivariant Schubert calculus, 
arXiv:math.AG/0703637. 

V. Kreiman, Schubert classes in the equivariant K-theory and equivariant cohomology 
of the Grassmannian, arXiv:math.AG/0512204. 

A. Knutson and T. Tao, Puzzles and (equivariant) cohomology of Grassmannians, Duke 
Math. J. 119 (2003), no. 2, 221-260. 

A. Knutson, T. Tao, and C. Woodward, The honeycomb model of GLrj(C) tensor prod- 
ucts. II. Puzzles determine facets of the Littlewood- Richardson cone, J. Amer. Math. 
Soc. 17 (2004), no. 1, 19-48 (electronic). 

A. Lascoux, Puissances exterieures, determinants et cycles de Schubert, Bull. Soc. 
Math. Prance 102 (1974), 161-179. 

A. Lascoux and M.-P. Schiitzenberger, Polynomes de Schubert, C. R. Acad. Sci. Paris 
Ser. I Math. 294 (1982), no. 13, 447-450. 

, Structure de Hopf de I'anneau de cohomologie et de I'anneau de Grothendieck 

d'une variete de drapeaux, C. R. Acad. Sci. Paris Ser. I Math. 295 (1982), no. 11, 

629-633. 

D. E. Littlewood and A. R. Richardson, Group characters and algebra, Philos. Trans. 
Roy. Soc. London Ser. A 233 (1934). 

I. G. Macdonald, Schur functions: theme and variations, Seminaire Lotharingien de 
Combinatoire (Saint-Nabor, 1992), Publ. Inst. Rech. Math. Av., vol. 498, Univ. Louis 
Pasteur, Strasbourg, 1992, pp. 5-39. 

, Symmetric functions and Hall polynomials, second ed. , Oxford Mathematical 

Monographs, The Clarendon Press Oxford University Press, New York, 1995, With 
contributions by A. Zelevinsky, Oxford Science Publications. 

P. J. McNamara, Factorial Grothendieck polynomials, Electron. J. Combin. 13 (2006), 
no. 1, Research Paper 71, 40 pp. (electronic). 

L. Mihalcca, Giambelli formulae for the equivariant quantum cohomology of the Grass- 
mannian, arXiv:math. CO/0506335. 

A. I. Molev, Littlewood- Richardson polynomials, arXiv:0704.0065. 

A. I. Molev, Factorial supersymmetric Schur functions and super Capelli identities, 
Kirillov's seminar on representation theory, Amer. Math. Soc. Transl. Ser. 2, vol. 181, 
Amer. Math. Soc, Providence, RI, 1998, pp. 109-137. 

A. I. Molev and B. E. Sagan, A Littlewood- Richardson rule for factorial Schur func- 
tions, Trans. Amer. Math. Soc. 351 (1999), no. 11, 4429-4443. 

S. Robinson, A Pieri-type formula for H^{SLn(C)/B), J. Algebra 249 (2002), no. 1, 

38-58. 

B. E. Sagan, The symmetric group, second ed., Graduate Texts in Mathematics, vol. 
203, Springer- Verlag, New York, 2001, Representations, combinatorial algorithms, and 
symmetric functions. 



EQUIVARIANT LITTLEWOOD-RICHARDSON SKEW TABLEAUX 



27 



[St] J. R. Stembridgc, A concise proof of the Littlewood- Richardson rule, Electron. J. Corn- 

bin. 9 (2002), no. 1, Note 5, 4 pp. (electronic). 

[V] R. Vakil, A geometric Littlewood- Richardson rule, Ann. of Math. (2) 164 (2006), no. 2, 

371-421, Appendix A written with A. Knutson. 

[Z] A. V. Zelevinsky, A generalization of the Littlewood- Richardson rule and the Robinson- 

Schensted-Knuth correspondence, J. Algebra 69 (1981), no. 1, 82-94. 



Department of Mathematics, University of Georgia, Athens, GA 30602 USA 
E-mail address: vkreimaii9math.uga.edu 



